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A model of a continuous digester was developed as an extension of the well-known
Purdue model. A lumped-parameter approximation is used to describe the flow trans-
port mechanism of the digester, and a model based on the fundamental principles of
mass and energy is derived. Mass bases and volume fractions are defined to allow fewer
simplifying assumptions in the model derivation than in previous model versions. The
steady-state profiles and dynamic responses of the digester model are compared with a
previous version of the Purdue model, and the significant differences between the two
models are highlighted. The digester model is also compared to the Weyerhaeuser
benchmark digester model, and a parametric sensitivity analysis to several model pa-
rameters is performed. Physical explanations are given for the demonstrated model be-
haviors. Model implementation is straightforward, making it useful for process control,

optimization and design studies.

Introduction

The continuous digester is a tubular reactor in which wood
chips react with an aqueous solution of sodium hydroxide and
sodium sulfide, referred to as white liquor, to remove the
lignin from the cellulose fibers. The product of the digesting
process is cellulose fibers, or pulp, which is used to make
paper products. Most continuous digesters consist of three
basic zones: an impregnation zone, one or more cooking
zones, and a wash zone. The white liquor penetrates and dif-
fuses into the wood chips as they flow through the impregna-
tion zone. The white liquor and wood chips are then heated
to reaction temperatures and the lignin is removed through
one or more cook zones. The free liquor is in either (1)
cocurrent or (2) countercurrent flow with respect to the wood
chips in the cooking zones. This is where the majority of the
delignification reactions occur. The wash zone is the end of
the digester where a countercurrent flow of free liquor washes
the degradation products from the pulp. This flow also cools
the pulp so as to quench the reaction and reduce damage to
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the cellulose fibers from continued reaction. The Kappa #
(number) is a measure of the residual lignin in the pulp and
is a direct indicator of pulp quality. The objective is to pro-
duce pulp of uniform quality by minimizing variation in the
Kappa # from a target value.

This article presents a model for the continuous digester
that is derived from the fundamental principles of mass and
energy balances. The approach taken for model derivation
makes its implementation straightforward. The foundation of
the model is a repeating set of ordinary differential equations
(ODEs) that can be easily incorporated in simulation pack-
ages such as Simulink. The digester is a challenging unit op-
eration for control studies due to unmeasured disturbances,
long time delays, nonlinear behavior, and infrequent avail-
ability of the control variable measurements. The goal of this
work is to provide researchers and practitioners with an easy-
to-implement, fundamental continuous digester model that
captures the essential dynamic behavior of the digester.

The kraft pulping process for both batch and continuous
digesters has been modeled to various levels of complexity.
Empirical models for batch digesters using the well-known
“H” factor include Vroom (1957) and Hatton (1973, 1976).
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Physically based batch-digester models have been presented
in Olm and Tistad (1979), Paulonis and Krishnagopalan
(1988), Lee and Datta (1994), and Vanchinathan and Krish-
nagopalan (1997). The effects of liquor penetration, diffu-
sion, and chip size on the reaction kinetics in kraft pulping
have been examined in detail by Gustafson et al. (1983),
Jiménez et al. (1989), and Agarwal and Gustafson (1997).

A major effort in the modeling of continuous digesters was
initiated by Smith and Williams (1974); the digester model
later became known as the Purdue model. In their work, the
digester was approximated by a series of continuous stirred-
tank reactors (CSTRs) with external flows entering and exit-
ing those CSTRs where the heaters and extraction screens
were located. Each CSTR was assumed to contain three
phases: a solid phase, which was the wood substance; an en-
trapped liquor phase, which was the liquor that resided in
the pores of the wood chips; and a free-liquor phase, which
was the bulk liquor surrounding the wood chips. From chemi-
cal pulping data presented in the literature, the kinetic pa-
rameters (A, ;, E, ;, a, b, ¢) of the pulping reactions were
determined (through iterative trials) for the following kinetic
model:

R, ;= =k (T)CEy + k. (TICECisNC, ; ~C7) (D)

ki,_z‘(T)=Ai.jexp( RT"") i=1,..,5 j=12. ()

The major contribution of their work was the development of
the framework in which the digester model would exist and
continue to be improved.

Christensen et al. (1982) made a series of modifications
that improved the Purdue model. Using additional experi-
mental pulping information, a search algorithm was em-
ployed to find the best (least-squares) kinetic parameters for
a broader range of wood species. The wood species were di-
vided into hardwood and softwood, and a rate multiplier was
used to adjust the kinetics for the different species. Other
improvements to the Purdue model were the determination
of better lignin ratios, the inclusion of unreactive concentra-
tions of some carbohydrates, improved methods for calcula-
tion of reactant consumption, and the incorporation of exper-
imental mass-transfer data. The improved model was found
to predict the reactant concentrations in the free liquor at
various locations along the digester and the blow-line Kappa
# for an industrial digester, even during hardwood /softwood
swings.

Considering fluid dynamics in the digester, Héarkonen
(1987) developed a model from momentum, mass, and energy
balances to describe the motion of the chip plug and the bulk
liquor. An experimental apparatus that compressed and
cooked wood chips was used to develop correlations for the
chip compaction and the flow resistance of the free liquor
due to compaction. From the experiments, it was also deter-
mined that the “volume of wood chip particles remains prac-
tically unchanged” during the compression experiments. The
resulting model is a set of two-dimensional partial differen-
tial equations (PDEs) that are solved at steady state to find
velocity (wood chip and liquor), chip pressure, compaction,
and temperature profiles along the digester.
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Michelsen (1995) combines and extends the work of
Hirkonen and Christensen to develop a detailed digester
model from mass, momentum, and energy balances. His
model assumes radial uniformity and rotational symmetry.
Like the Purdue model, it is assumed that there are three
phases in the digester: solid wood mass, entrapped liquor,
and free liquor. In addition to mass components and temper-
atures, the chip compaction and the wood chip and free-liquor
velocities are modeled as well. The physics throughout the
digester are described with a complex set of correlations, al-
gebraic equations, ODEs, and PDEs. The model is rescaled
using characteristic quantities to reduce numerical stiffness,
and is then solved numerically using a staggered grid finite
difference method. The model is then used for steady-state
and dynamic simulations, linear controllability analysis, model
reduction, and proportional-integral control of the wood-chip
residence time. The model describes the flow dynamics in
detail, but simplifications are made in describing the reaction
kinetics. This study suggested that active residence time con-
trol by the chip level could yield improved Kappa # control.
The model is useful for predicting the effects of flow on the
Kappa #; however, the simplification in the kinetics make
the model only valid for Kappa # in the range between 50
and 150.

The latest published contribution in continuous digester
modeling is by Kayihan et al. (1996). They present a tractable
process model that captures the major dynamic characteris-
tics of a continuous digester and offer it to the control re-
search community as a basis to compare contributions and
generate interest in digester control studies. Their digester is
modeled as a two-vessel Kamyr digester with an impregna-
tion vessel and a reaction vessel. The impregnation zone is
modeled as a small mixing zone, followed by a plug-flow zone
(pure time delay). The reaction vessel consists of a cocurrent
cook zone, a countercurrent modified continuous cook (mcc)
zone, and a countercurrent extended modified continuous
cook (emcc) zone. The model assumes two phases (nonpor-
ous solid and free liquor) in thermal equilibrium, which are
modeled with a relatively simple set of PDEs in each zone.
The kinetic model of Christensen (1982) is used to describe
the reaction of solid material with the liquor phase. There
are no diffusion limitations and the heats of reaction are ig-
nored. The set of PDEs is discretized spatially and the model
is solved as a set of ODEs. The dynamic characteristics of
this benchmark digester model are compared to a proprietary
fundamental digester model developed by the Weyerhaeuser
Company. The dynamic behavior of the Kappa # to various
inputs is captured by the simplified benchmark digester model
(Kayihan et al., 1996).

The continuous digester model developed in this article is
an extension of the Purdue model, which is an already sound
and industrially accepted digester model. Through improved
definitions of mass concentrations and volume fractions and
a more detailed description of the mass and energy transport
within the CSTR, some assumptions necessary in earlier Pur-
due model versions are removed. The model’s ability to ex-
trapolate over wider operating conditions would be expected
due to these refinements in model fidelity. The extended
Purdue model is compared to the original Purdue model
(Butler and Williams, 1988) and the Weyerhaeuser bench-
mark model (Kayihan et al., 1996). By comparison, it is shown
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that the extended Purdue model captures the range of behav-
iors displayed by these models. The results of these compar-
isons and discussion of the observed behaviors are given in
the Results section. Discussion of possible model uses are
included in the Conclusions section.

Model Derivation

The continuous digester is a tubular reactor in which con-
centration and temperature vary temporally and spatially,
characteristic of a distributed parameter system. In this work,
a lumped approximation is employed in which a series of
CSTRs is used to approximate the axial transport mecha-
nism. Each CSTR is assumed to contain three phases: a solid
phase, an entrapped-liquor phase, and a free-liquor phase.
Mass and energy balances are calculated for each phase in
the CSTR. The resultant set of nonlinear ODEs can be solved
numerically with modest computational effort.

The nonlinear ODEs in each CSTR are coupled with those
of the neighboring CSTRs through the exchange of state in-
formation for each phase in the direction of flow. For in-
stance, wood chips, which consist of the solid and the en-
trapped-liquor phases, always flow from the top to the bot-
tom of the digester. The solid and entrapped-liquor states for
the kth CSTR are the entering solid and entrapped-liquor
states for the k + 1 CSTR. Likewise, in countercurrent flow,
the free-liquor states for the kth CSTR are the entering
free-liquor states for the £ —1 CSTR. The external flows from
heaters and extraction screens are modeled as flows entering
and/or leaving the CSTR. The states and flow rates of the
free-liquor phase are adjusted accordingly to account for
these external flows.

In a continuous digester, it is expected that thermal and
chemical gradients in the radial direction would occur, espe-
cially near the heater outlets and extraction screens. By ap-
proximating the digester as a series of CSTRs, these gradi-
ents as well as wall, entrance, exit, and cross-flow effects are
neglected. As the number of CSTRs is increased, the approx-
imation approaches the behavior of a true plug-flow system.
However, the size of the lumped-parameter model also in-
creases. Therefore, the number of CSTRs is chosen to trade
off model accuracy against computational effort.

Volume fraction definitions

Each CSTR is divided into two volumes, the volume occu-
pied by the wood chips and the volume occupied by the free
liquor. The wood chips are assumed to be incompressible,
but are compactable. That is, under the weight of the chip
column, the individual wood chips maintain their external di-
mensions, but can be packed closer together. The com-
paction of chips increases the wood-chip volume and de-
creases the free-liquor volume in the CSTR. This assumption
is supported by the experimentat findings of Harkonen (1987).
In this work, n will be used to define the ratio of the free-
liquor volume to the total CSTR volume. The volume frac-
tion of the free liquor and the wood chips are, respectively:

volume of free liquor [ Vf]
n= L

volume of CSTR V

volume of chip [ V. ]

1— P —
(=m) = o me of CSTR | ¥
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The compaction profile of the chips can be modeled empiri-
cally as a function of wood chip and liquor flow rates or set
to experimentally determined values (Harkonen, 1987). In this
study, the compaction profile is assumed to be known and
constant with respect to time.

The wood chips are also divided into two volumes, the vol-
ume occupied by the solid wood substance and the volume
occupied by the entrapped liquor. The entrapped liquor re-
sides in the pores of the wood chips. The porosity, ¢, is de-
fined to be the volume fraction of the wood chip that is occu-
pied by the entrapped liquor:

volume of entrapped liquor [ V,
V.

<

€ =

volume of chip

(1—¢€) T/:

volume of solid [ V|
~ volume of chip

The porosity of the wood chips changes as a function of the
extent of reaction.

Solid-phase component balance

The solid phase comprises the total solid material in the
wood chips. It is assumed that all extractive materials, such
as the turpenes and resin acids, are removed before the wood
chips enter the digester. The solid material is assumed to be
homogeneous and to consist of five components: high-reactiv-
ity lignin (s,); low-reactivity lignin (s,); cellulose (s,); arabox-
ylan (s,); and galactoglucomman (ss;). These are the same
assumptions for the solid phase used in the earlier versions
of the Purdue model (Butler and Williams, 1988; Christensen
et al., 1982; Smith and Williams, 1974).

The mass balance for the solid-phase component i is given
by

d . . N
E[asi [_)5(1— E)Vc] = I/cas;o I_)s(l— Eo)— Vcas, 55(1— €+ Rs,’

3

where «; is the mass fraction of solid component i; p; is the
density of solid material; ¥, is the volume of the CSTR which
is occupied by wood chips [V, ={(1—n)Ah]; A is the cross-
sectional area of the CSTR (corresponding to the digester);
and A is the height of the CSTR. The subscript o denotes
inlet flow streams that are the effluent streams of adjacent
CSTRs. The density of solid material, p,, is assumed to be
constant. Since the wood chips are assumed to be incom-
pressible, the volumetric flow rate of the chips, VC, is constant
throughout the digester.

The reaction term is based on the kinetic model developed
by Christensen et al. (1982) and is given by

>

5; == ef(kl,i pel + k2,i pell/zpelgz)[as,‘ ﬁs(l - E)Vc

—arp(i—e)V], 4)

where the kinetic rate constants obey Arrhenius temperature
dependence:
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Table 1. Kinetic Reaction Parameters: Preexponential Factors (for Hardwood and Softweod) and Activation Energies

1 2 3 4 S
A, ; m%/kg- min (hardwood) 0.3954 1457 x 10" 28.09 7.075 5.8267% 10°
A;; m*/kg-min (softwood) 0.2809 6.035% 10" 6.4509 1.5607 1.0197x10*
A, ; m*kg-min (hardwood) 12.49 1.873 124.9 47.86 3.225x10'¢
A, ; m¥/kg-min (softwood) 9.26 0.489 28.09 10.41 5.7226 X 10'°
E, ; kl/mol-K 293 115 34.7 25.1 733
E, ; kl/mol-K 31.4 37.7 41.9 377 167
-E, -E,; pulp mass and a factor used to determine the amount of
kyi=A, exp and  ky ;= A, exp RT moisture that pulp could hold.
¢ ¢ In this work, the porosity is directly computed from the
(5)  solid-phase-component concentrations and the wood-sub-

A free parameter, e, is used to adjust the kinetics for differ-
ent wood species. Since the kinetics of delignification are not
known exactly, e; can be used to “tune” the model behavior
to match the observed digester behavior. The preexponential
factors (A4, ,, ;) and the activation energies (E ,, ;) from the
earlier Purdue model (Christensen et al., 1982) are converted
from English units to metric units and are given in Table 1.

T, is the temperature of the wood chips and R is the uni-
versal gas constant. The mass fraction of solid component i
entering the digester, which does not react, is denoted by .
The values for the unreactive solid fractions are given in Table
2 and are discussed in detail in Christensen et al. (1982).

Earlier versions of the Purdue model defined the solid-
phase concentrations as a mass fraction relative to the total
solid mass that entered the digester. In this work, the con-
centration of solid component / is defined as the mass of
component i per chip volume, which is given by

ps, = a, p(1—¢€). (6)

The density of the wood substance, p,, is assumed constant,
the mass fraction of the solid-phase component i (e, ) and
the porosity (€) vary with the extent of reaction. Substituting
the defined concentration into Eqgs. 3 and 4 and applying the
differential operator gives the state equations for the solid-
phase components (Eq. Al in the Appendix).

Calculating the chip porosity

The chip porosity is defined as the ratio of the entrapped-
liquor volume to the wood-chip volume. Earlier versions of
the Purdue model made several simplifying assumptions to
calculate the entrapped-liquor volume. The basic idea was to
convert the mass of wood to a mass of pulp. The entrapped-
liquor volume was the volume of liquor that the pulp mass
could hold. In order to calculate this volume, two quantities
were assumed, a factor used to convert the wood mass to a

Table 2. Fraction of Solid Component i, Which Does Not
React (or Reacts Very Slowly) During Pulping

o o ag, o, a
Hardwood 0 0 0.65 0.25 0
Softwood 0 0 0.71 0.25 0
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stance density. Summing the masses of the individual solid-
phase components and substituting in the concentration defi-
nition (Eq. 6) gives the total solid mass per volume of chip:

ps, t o, t oo, t oo, t b,

5 5 5
=Y ps, = Y a, p(1-€)=p(1-¢) Y a,. (D

i=1 i=1 i=1

The mass fractions (e, ) sum to unity, therefore the porosity
can be determined by

5
Yo,
= (8)
2

e=1—

Entrapped-liquor-phase component balance

The entrapped liquor is assumed to be homogeneous and
to consist of six components; active (or reactive) effective al-
kali (EA) (e)); passive (or reacted) EA (e,); active hydrosul-
fide (HS) (e3); passive HS (e,); dissolved lignin, which is the
sum of the dissolved high- and low-reactivity lignin (es); and
the dissolved carbohydrates, which is the sum of the dis-
solved cellulose, araboxylan, and galactoglucomman (e). The
chips are assumed to be completely saturated with water upon
entering the digester and devoid of entrapped air.

The reactants from the free liquor diffuse into the en-
trapped liquor and then react with the solid phase. The re-
acted material, dissolved solids, and passive reactants then
diffuse back into the free liquor. The mass balance for the
entrapped-liquor-phase component i is given by

d . .
E(aei pV,) = Vcae.',, Pe,€o— V., p€+k-Ara; ps
~k-Are, p, + Re,- + Vbafi pr- 9

Early Purdue model developers (Christensen et al., 1982;
Smith and Williams, 1974) derived a correlation for the
mass-diffusion rate (k-A;/V,) of free-liquor-phase compo-
nents into the entrapped-liquor phase using measured diffu-
sion coefficient data and formulas for kraft cooked wood chips
presented in McKibbins (1960). The correlation for the mass
diffussion rate is

Vol. 43, No. 12 AIChE Journal



1

T

=6.1321/T, e+ 57| —1 (10
< min 1o

The entrapped liquor volume is defined as V, = e(1-n)Ah.
This correlation assumes that the diffusion of the liquor-phase
components are only temperature dependent and that all
liquor components diffuse with the same rate. Other diffu-
sion correlations that are dependent on temperature and
component concentration have been presented in the litera-
ture (Gustafson et al., 1983; Hartler, 1962) and could be eas-
ily incorporated into this model.

The reaction term for the entrapped-liquor-phase compo-
nents is related to the reaction term for the solid-phase com-
ponents through stoichiometric coefficients. The reaction
term for the liquor-phase component i is

(11

where b; ; is the stoichiometric coefficient matrix defined by
Eq. All. The stoichiometric coefficients determine the mass
of reactants consumed per mass of solid reacted, and the cor-
responding values for these coefficients for hardwood and
softwood are given in Table 3 (Christensen et al., 1982).

It is assumed that the solids react and dissolve into the
entrapped-liquor phase, contributing only mass to the en-
trapped-liquor phase and not volume. A bulk flow from the
free-liquor phase, denoted by V), is assumed to fill the void
space that was occupied by the solid material. This flow is
dependent on the dissolution of wood substance and is deter-
mined from the reaction rate and density of the wood sub-
stance as follows:

(12)

The concentration of the entrapped-liquor component i is
defined as
Pe, = Qe Pe- (13)

The entrapped-liquor density ( p,) is not assumed to be con-
stant, but is implicitly calculated in the state equations for
the entrapped-liquor components. Substituting the defined
concentration into Eq. 9 and applying the differential opera-

tor gives the state equations for the entrapped-liquor-phase
components (Eq. A8 in the Appendix).

Table 3. Stoichiometric Coefficients for the Consumption of
Effective Alkali and Hydrosulfide

Softwood Hardwood Units
BouL 0.166 0.21 kg- OH/kg-lignin
Bouc 0.395 0.49 kg- OH/kg- carbohydrate
Besn 0.039 0.05 kg HS/kg- lignin
AIChE Journal December 1997

Free-liquor-phase component balance

The free-liquor phase is the bulk liquor surrounding the
wood chips and is assumed to consist of the same six compo-
nents as the entrapped-liquor phase. In the various digester
zones the flow of free liquor is either (1) cocurrent or (2)
countercurrent with respect to the chip flow. The mass bal-
ance for the free-liquor-phase component i is given by

e PV =V by~ Viey pt ke Ara p,

(14)

-k 'Araf,. Pr— V, ay prt Vext Oy ext Proext:

The flow rate of free liquor entering the CSTR is denoted by
V and the flow rate of free liquor exiting the CSTR is de-
noted by Vf In general, these values are not equal and fur-
ther details on their calculation are given below. The volume
in the CSTR occupied by the free liquor is V; = n4h.

The external streams that enter and exit the digester in
various locations, including the heater outlets and extraction
screens, are accounted for at the corresponding CSTR in the
lumped approximation. The flow rates and component con-
centrations in these external streams are Vi, and @y o Pf exes
respectively. The sign of V., denotes the direction of flow.

The white liquor is assumed to be incompressible and the
flow of free liquor entering a CSTR is equal to the flow of
free liquor exiting the previous CSTR:

I;}D=[)}”.in,j=l)},out,jil- (15)

The subscript j denotes the CSTR, the positive sign is used
for countercurrent chip/liquor flow, and the negative sign is
used for cocurrent chip/liquor flow. The flow rate of the free
liquor exiting the CSTR is equal to the free-liquor flow rate
entering the CSTR minus the bulk flow of free liquor into
the entrapped liquor phase plus/minus any external flows:

Ve =V ou,;

~V, ;2 V.

ext”

= Vf,in J (16)

The concentration of the free-liquor component i is de-
fined as

Pr, = @, pr- an

The free-liquor density ( p;) will vary and is implicitly calcu-
lated in the state equations for the free-liquor components.
Substituting the defined concentration into Eq. 14 and apply-
ing the differential operator gives the state equations for the
free-liquor-phase components (Eq. Al14 in the Appendix).

The correlation for the mass-diffusion rate given by Eq. 10
is also used to determine the diffusion rate of the
entrapped-liquor components into the free-liquor phase. Af-
ter manipulation of the free-liquor mass-balance equation
(Eq. 14), the coefficient for the mass-diffusion rate becomes
(k-Az)/V;. This term is related to the diffusion correlation
(Eq. 10) in the foliowing manner:
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kA; kA,

v, mah

kA, e(l-7)
e(1-n)Ah n

kA e(1-1n) e(l-n)
= =D .
V. n

(18)

The factor e(1-mn)/y relates the component concentrations
on the entrapped-liquor volume basis to the component con-
centrations on the free-liquor volume basis.

Wood-chip and free-liqguor energy balances

There are two energy balances derived for each CSTR, one
for the wood chips and one for the free liquor. The wood
chips consist of two phases, the solid and the entrapped
liquor. The time for heat transfer between the two phases is
much smaller than other characteristic times in the system,
therefore the temperatures of the two phases are assumed to
be equal. The energy balances for the wood chips and free
liquor, assuming the kinetic and potential energies are negli-
gible, are:

d
E[(CPSMS + CpeMeE)VcTc]
= Vc(CpsMso + CpeoMeaeo)]::o— Vc(CpsM: + CpeMeE)Tc

5
+AHR Y RV, +UVAT, = T.)+V,Cp;M;T; + kA7 Dy

i=1

(19)
d
=V, Cpy M Ty = ViCpe M Ty + UVAT, ~ Tp) = V,.Cpe M, T,

+ kATDF + Vexlcpext MextText' (20)
The total mass in the solid, entrapped-liquor, and free-liquor
phases are denoted by M, M,, and M, respectively. Due to
the fact that the liquor phases consist mainly of water, the
mass of water is utilized in the calculation of M, and M,.
The heat capacity of the solid phase, Cp,, is assumed to be
constant for all of the solid components. The heat capacity of
the pure liquor phase (liquor without dissolved solids) is as-
sumed to be constant and equal to the heat capacity of water,
Cp,. Since the entrapped- and free-liquor phases also contain
dissolved solids, the following mixing rule is used to deter-
mine the heat capacity of the entrapped- and free-liquor
phases:

Cpe = Cpsxes + Cplxel

Cpy=Cp,xs + Cpyxyy. (21)

Here, Cp, and Cp, are the heat capacities of the entrapped-
and free-liquor phases. The mass fractions of the dissolved
solid and liquor components in the entrapped- and free-liquor
phases are x,, x,, Xz, and xg, respectively. This is a com-
mon assumption that has been made by other researchers
(Smith and Williams, 1974; Michelsen, 1995).
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The reactions that occur between the wood substance and
the white-liquor components (EA and HS) in the entrapped-
liquor phase are exothermic, causing an increase in energy in
the wood chips due to reaction. This is modeled using the
heat of reaction, AHj, which is the amount of energy re-
leased per mass of wood substance reacted. Multiplying this
term by the amount of mass reacted, £3_,R, V., determines
the increase in wood-chip energy. The heat-transfer coeffi-
cient, U, relates the rate of energy transfer due to conduction
between the wood chips and the free liquor per degree tem-
perature difference per volume of chip. The value of U used
in this work is based on the values determined by earlier Pur-
due model investigators (Maras et al., 1986). It is assumed
that the heat-transfer coefficient is constant throughout the
length of the digester. The energy transported with the free-
liquor flow into the wood chips, V,, is also accounted for in
both the wood chips and free-liquor energy balances. This
rate of energy transfer is positive for the transfer into the
wood chips and negative for the transfer from the free liquor,
as reflected in the energy-balance equations.

The net energy that is transported into the chips per vol-
ume of diffusing mass is denoted by D. This is multiplied by
the mass-diffusion-rate coefficient to determine the net en-
ergy that is transferred to the chip from mass diffusing be-
tween the free- and entrapped-liquor phases. Since some
liquor components may be diffusing into the entrapped-tiquor
phase while others may be diffusing into the free-liquor phase,
depending on the component concentratior gradient, the
correct temperature corresponding to the diffusing compo-
nent is used. The expression for D is

4 6
Dg= Y Cop,—pe)Cpi T+ 1 Cpp =~ p.)CP,T, (22)

i=1 i=35

where the temperature T, is dependent on the component
concentration

I, ifp,>p,
T = f i i

; . (23)
T, if p;<p,,.

The net energy that is transported from the free-liquor phase
with the diffusing mass is simply the opposite of the net en-
ergy transported to the wood chips:

(24)

The energy transported to/from the free-liquor phase due
to external flows, V, , is also accounted for in the energy
balance. Again, the sign of V,,, denotes whether the external
stream is entering or exiting the CSTR. The total mass and
heat capacities of the external streams, M, and Cp,,,, are
computed in the same manner as those of the entrapped-
and free-liquor phases.

Applying the differential operators in the energy balance
equations (Egs. 19 and 20) and rearranging the terms yield
the state equations for the temperatures of the wood chips
and the free liquor (Egs. A18 and A19 in the Appendix).
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Table 4. Physical Dimensions of the Digester Model Using
the Purdue Model Flow Structure

Parameter Definition and Value(s)

A Cross-sectional area of digester (CSTR) (m?)

[17.9854, 17.9854, 17.9854, 17.9854, 17.9854, 17.9854,
17.9854, 17.9854, 17.9854, 17.9854, 17.9854, 17.9854,
18.6793, 18.6793, 18.6793, 18.6793, 18.6793, 18.6793,
18.6793, 18.6793, 18.6793, 18.6793, 18.6793, 18.6793,
18.6793, 18.6793, 18.6793, 18.6793, 18.6793, 18.6793,
18.6793, 18.6793, 18.6793, 18.6793, 18.6793, 18.6793,
18.6793, 18.6793, 18.6793, 18.6793, 18.6793, 18.6793,
18.6793, 19.8650, 19.8650, 19.8650, 21.0871, 21.0871,
21.0871, 21.0871]

h Height of CSTR (m)

[0.6230, 0.6230, 0.6230, 0.6230, 0.6230, 0.5944, 0.5944,
0.5944, 0.5944, 0.4775, 0.4775, 0.4775, 0.6096, 0.6096,
0.6096, 0.5182, 0.5182, 0.5182, 0.7010, 0.7010, 0.7010,
0.7010, 0.7010, 0.7010, 0.7010, 0.7010, 0.7010, 0.7010,
0.7010, 0.7010, 0.7010, 0.7010, 0.4877, 0.4877, 0.4877,
0.6477, 0.6477, 0.6477, 0.6477, 0.6477, 0.6477, 0.6477,
0.6477, 0.3962, 0.7925, 0.3962, 1.1278, 0.6096, 1.0058,
1.0058]

Model outputs

Temperature and concentration profiles can be examined
directly from the model states. The sensitivity of these pro-
files to manipulated inputs, measured and unmeasured
disturbances, and model parameters can also be readily ex-
amined, which can aid in control-structure selection.

In addition to the model states, other outputs of interest
are the Kappa # and the pulp yield. The Kappa #, a mea-
sure of the residual lignin concentration in the wood chips, is
used as the primary quality-control variable and is defined as

Cps, + ps,)

S
0.00153( Y psl)

i=1

Kappa # = (25)

The Kappa # can be measured using on-line analyzers or
laboratory tests; however, its measurement is infrequent and
delayed. Secondary measurements, such as temperature and
free-liquor concentrations are available at different locations
along the digester and can be used in conjunction with a di-
gester model to estimate the value of the Kappa #.

Yield is a measure of the amount of wood substance recov-
ered in comparison with the amount of wood substance fed
to the digester and is computed by

s
Y. p, (exiting)

Yield = 57— (26)
Y ps,(entering)

i=1

The control objective for digester operation is to maximize
the yield while minimizing the Kappa # variation around the
target value. The model developed in this work can be used
to find operating conditions to optimize this objective, as well
as to compare alternative control structures for Kappa #
control.
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Simulation Results and Discussion

In order to investigate the impact of the extensions pro-
posed in this article, the extended Purdue model is compared
to the earlier version of the Purdue model (Butler and
Williams, 1988). The comparison will include both steady-
state profiles and dynamic responses to several inputs. The
extended Purdue model will also be compared with the Wey-
erhaeuser digester problem developed by Kayihan et al.
(1996). The sensitivity of the extended Purdue model to the
heat-transfer coefficient, the diffusion coefficient, and the
free liquor to CSTR volume ratio (n profile) is also exam-
ined.

Comparison to original Purdue model

The original Purdue model used in the comparison is a
single-vessel digester presented by Butler and Williams
(1988). There is cocurrent flow of the wood chips and white
liquor through both the impregnation and cooking zones. The
chips and liquor then flow countercurrently through a wash
zone. The digester is shown in Figure 1. The specific physical
dimensions, flow structure, and operating parameters of the
original Purdue model are found in Butler and Williams
(1988). The matching physical dimensions and operating pa-
rameters for the extended Purdue model are given in Tables
4 and 5, respectively.

Several steady-state profiles for the original Purdue model
and the extended Purdue model are compared. These pro-
files are the Kappa #, the concentrations of EA, HS and

Wood Chip_»s/White Liquor Digester
nes
Make-up White Liquor
=t
@ Impregnation Zone
iR
i N
JIITERL | M8 Heat"lg Zonc
\ i II)I TN
JULLOITE) [ICRETTTT C u-ic Plpcs for
‘oncen
<r—-—J Free Liquor Delivery
External .
Heat Exchangers Cooking Zone
for Heating
Free Liquor ’\/
v 7] .
/ T A (EXadeton)
Chips || Liquor| Wash Zone
LT AT
‘ Cooling Zone
{

Figure 1. Single-vessel continuous digester.
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Table 5. Operating Parameters of the Digester Model Using the Purdue Model Fiow Structure

Parameter Definition and Value(s)

e Reaction rate multiplier [0.9]

|4 Entering wood-chip flow rate (m?/min) (1.3964]

v, Entering white-liquor flow rate (m3/min) [2.3497]
fi g

Viphtr Upper heater recirculation flow rate (m>/min) [7.2728]
uphir Upper heater recirculation temperature (K) [418.83]
Vienir Lower heater recirculation flow rate (m*/min) [6.7785]
T Lower heater recirculation temperature (K) [428.64]
Vauench Quench recirculation flow rate (m®/min) [0]
quench Quench recirculation temperature (K) [423.15]
Viash Countercurrent wash-zone flow rate (m>/min) [1.1312]
wash Wash-zone heater recirculation temperature (K) [363.40]
| Z, Wash-zone recirculation flow rate (m*/min) [0.2067]
Vipeat Cheater flow rate (m3/min) [0.3514}
Vi Filtrate flow rate (m*/min) [3.3169]
Ti Filtrate temperature (K) [360.93)
T, Temperature of entering wood chips (K) [395]
T; Temperature of entering white liquor (K) [382]
7 Ratio of free liquor phase volume to total CSTR volume (V,/V)

[0.6896, 0.6806, 0.6717, 0.6628, 0.6539, 0.6454, 0.6374, 0.6294, 0.6215, 0.6163, 0.6099, 0.6035, 0.5963,
0.5881, 0.5800, 0.5725, 0.5655, 0.5586, 0.5898, 0.5812, 0.5727, 0.5641, 0.5556, 0.5470, 0.5385, 0.5300,
0.5214, 0.5129, 0.5043, 0.4958, 0.4872, 0.4787, 0.4962, 0.4906, 0.4849, 0.4784, 0.4712, 0.4640, 0.4567,
0.4495, 0.4423, 0.4350, 0.4278, 0.4219, 0.4173, 0.4126, 0.4067, 0.3995, 0.3910, 0.3811]

B Density of solid material (kg/m>) [1665.9]

P50 High reactivity lignin concentration of entering wood chip (kg/m>) [25.37]

5,0 Low reactivity lignin concentration of entering wood chip (kg/m>) [101.49]

530 Cellulose concentration of entering wood chip (kg/m?) [270.53]

Ps,.0 Galactoglucomannan concentration of entering wood chip (kg/m?) [12]

05,0 Araboxylan concentration of entering wood chip (kg/m>) [129.03]

Pey0 Active effective alkali concentration in entrapped liquor phase of entering wood chip (kg/m?) [0]
Pes.0 Passive effective alkali concentration in entrapped liquor phase of entering wood chip (kg/m?) [0]
Pes0 Active hydrosulfide concentration in entrapped liquor phase of entering wood chip (kg/m*) [0]
Pe.o Passive hydrosulfide concentration in entrapped liquor phase of entering wood chip (kg/m>) [0}
Pes0 Dissolved lignin concentration in entrapped liquor phase of entering wood chip (kg/m’) {0}

Pe.0 Dissolved carbohydrates concentration in entrapped liquor phase of entering wood chip (kg/m*) [0]
Pf,.0 Active effective alkali concentration of entering white liquor (kg/m>) [78.8]

Pfy0 Passive effective alkali concentration of entering white liquor (kg/m>) [0]

P10 Active hydrosulfide concentration of entering white liquor (kg/m®) [13.3]

Pry0 Passive hydrosulfide concentration of entering white liquor (kg/m>) [0]

Pf.0 Dissolved lignin concentration of entering white liquor (kg/m°) [59.6]

Pfe.0 Dissolved carbohydrates concentration of entering white liquor (kg/m?) [59.6]

Pr. filtrate Active effective alkali concentration of entering filtrate flow (kg/m’) [4.8055]

P, filtrate Passive effective alkali concentration of entering filtrate flow (kg/m?*) [0}

P filteate Active hydrosulfide concentration of entering filtrate flow (kg/m?*) [0]

Pr, filrate Passive hydrosulfide concentration of entering filtrate flow (k§/m3 ) [0]

Pf. filtrate Dissolved lignin concentration of entering filtrate flow (kg/m”) [45.1159]

Pf, filtrate Dissolved carbohydrates concentration of entering filtrate flow (kg/m>) (45.1159]

This cooling is necessary to prevent excessive damage to the
cellulose fibers from continued reaction and the mechanical
stresses of blowing the pulp from the digester. The Kappa #
profiles for the extended and original Purdue models are in

dissolved solids in both the entrapped- and free-liquor phases,
and the temperature of both the wood chips and the free
liquor. Using the Kappa #, the solid component concentra-
tions of both the extended and originai Purdue models are

compared in Figure 2. In both models, the Kappa # in-
creases through the impregnation zone (z < 0.15) and then
begins to decrease through the cook zone (0.15 <z <0.7).
This slight initial increase in Kappa # is due to the quick
reaction of araboxylan at lower temperatures. This causes the
ratio of lignin to total solids to increase, thus increasing the
Kappa #. As temperature increases and the wood chips be-
gin to react, the lignin reacts faster than the carbohydrates
through the cook zone, causing the Kappa # to decrease.
The chips then enter the countercurrent wash zone (0.7 < z
< 1) where wash liquor at a lower temperature cools the wood
chips. This quenches the reactions between the chips and
liquor, giving the constant Kappa # through the wash zone.
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close agreement.

The chips are assumed to be initially saturated with water,
and the EA and HS concentrations are zero within the en-
trapped-liquor phase. As the chips and liquor flow through
the impregnation zone, the (active} EA and HS diffuse from
the free liquor into the entrapped liquor, increasing the EA
and HS concentrations in the entrapped liquor and decreas-
ing their concentrations in the free liquor. This is the case for
both the extended and the original Purdue models as shown
in Figures 3 and 4. Along the cook zone, EA and HS are
depleted through reaction. This sustains the concentration
gradient and EA and HS continue to diffuse into the en-
trapped liquor from the free liquor. At the extraction point,
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Figure 2. Steady-state Kappa # profiles: extended
(solid) vs. original Purdue model (dashed).

the temperature is reduced and the reactions are quenched.
The lower reactant concentrations in the countercurrent wash
flow cause the reactants to diffuse back into the free liquor,
removing the reactants from the pulp. The comparison be-
tween the extended and original Purdue model show that the
EA and HS concentration profiles match closely. The EA
concentrations in the extended model are slightly higher than
those of the original Purdue model, indicating that fewer re-
actants are consumed during reaction.

The dissolved solids (DS) concentration is a combination
of the dissolved lignin and the dissolved carbohydrate con-
centrations in the liquor phases. The original Purdue model
has a flow of black liquor, which is liquor from the extraction
point and contains dissolved solids, entering the top of the
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Figure 3. Steady-state profiles of entrapped- and
free-liquor (active) EA concentrations: ex-

tended vs. original Purdue model.

The entrapped and free liquor of the extended Purdue
model are the solid and dashed lines, respectively. The en-
trapped and free liquor of the original Purdue model are
the dash-dot and dotted lines, respectively.
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Figure 4. Steady-state profiles of entrapped- and
free-liquor (active)} HS concentrations: ex-
tended vs. original Purdue model.

The entrapped and free liquor of the extended Purdue
model are the solid and dashed lines, respectively. The en-
trapped and free liquor of the original Purdue model are
the dash-dot and dotted lines, respectively.

digester in addition to white liquor. This explains the high
concentration of DS at the top of the digester, as shown in
Figure 5. The DS concentration in the entrapped liquor
quickly increases at the beginning of the impregnation zone
(z <0.05) due to diffusion (from the free liquor) and some
reaction. As the rate of reactions increase through the cook
zone, the DS concentration in the entrapped liquor increases
above that of the free liquor. Diffusion from the entrapped
liquor increases the free-liquor DS concentration. The DS
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Figure 5. Steady-state profiles of entrapped- and
free-liquor DS concentrations: extended vs.
original Purdue model.

The entrapped and free liquor of the extended Purdue
model are the solid and dashed lines, respectively. The en-
trapped and free liquor of the original Purdue model are
the dash-dot and dotted lines, respectively.
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concentration then decreases through the wash zone as the
countercurrent wash flow removes the degradation products,
which are removed at the extraction screen (z = 0.7). The DS
concentrations are lower in the extended Purdue model than
in the original Purdue model. Overall, the trends between
the two models are similar.

The temperature profile of the wood chips and the free
liquor are also compared for the two models. The wood-chip
temperature, initially ambient, is elevated in a steaming ves-
sel before entering the digester. This is done to remove ex-
tractives, such as terpenes, from the chips and to saturate the
wood with white liquor, thus reducing buoyance and facilitat-
ing reaction. (Again, in this study, the entrapped-liquor phase
is assumed to start initially with zero reactants.) The white-
liquor temperature is also elevated before entering the di-
gester. The wood chips are heated to reaction temperatures
as the chips flow past the upper and lower heaters. Free liquor
is circulated through heat exchangers, being introduced to the
digester through concentric pipes and extracted at screens
just below the entrance of the heated liquor. The effects of
the upper and lower heaters are seen in Figure 6 by two dis-
continuities in the free-liquor temperature. The elevation of
the liquor temperature increases the chip temperature, which
in turn increases the rate of reaction. The dissolution reac-
tions are exothermic, explaining the increase in temperature
through the cook zone. As mentioned before, the tempera-
ture is quenched with the countercurrent flow of the wash
liquor, slowing the reactions. The temperatures of the wood
chips and liquor continue to decrease through the wash zone.
The temperature profiles between the extended and original
Purdue models match reasonably well.

The differences in the concentration and the temperature
profiles between the extended and the original Purdue mod-
els are due to the accounting of reacted materials in the ex-
tended Purdue model. Since the reacted EA and HS are ac-
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Figure 6. Steady-state profiles of wood-chip and the
free-liquor temperatures: extended vs. origi-
nal Purdue model.

The wood chip and free liquor of the extended Purdue model
are the solid and dashed lines, respectively. The wood chip
and free liquor of the original Purdue model are the dash-dot

and dotted lines, respectively.
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counted for in the entrapped- and free-liquor phases, the mass
of these phases is increased in the extended Purdue model.
This increase in mass allows for more capacity to hold heat.
Therefore, the temperatures of the wood chips and the free
liquors in the extended Purdue model do not increase as
much as the temperatures in the original Purdue model
through the cooking zone. The reaction rates are slightly
slower at these lower ternperatures. The slower reaction rates
use less EA and HS (giving the higher concentrations) and
fewer dissolved solids are formed (giving the lower concen-
trations). Therefore, the accounting for spent reactants ex-
plains the difference seen between the extended and original
Purdue models.

The dynamic characteristics of the extended and original
Purdue models are also compared. The responses of the
Kappa # for the exiting pulp (or blow-line Kappa #) are
compared for changes in three inputs: the white-liquor EA
concentration, the lower heater temperature, and the white-
liquor flow rate. The responses of the blow-line Kappa # to a
+8% step change in the white-liquor EA concentration for
both the extended and the original Purdue models are shown
in Figure 7. An increase in the white-liquor EA concentra-
tion increases the reaction rate, reacting more solids and de-
creasing the Kappa #. The responses of both models are very
similar. The original Purdue model is more sensitive, a 13%
larger gain on average, to changes in the white-liquor EA
concentration than the extended Purdue model.

The responses of the blow-line Kappa # to a +2.8 K step
change in the lower heater temperature for both the ex-
tended and the original Purdue models are shown in Figure
8. An increase in the cooking temperature also increases the
reaction rate. This reacts more solids and decreases the
Kappa #. The responses of both models are nearly identical
(with the exception of the small offset).

The responses of the blow-line Kappa # to a +7% step
change in the white-liquor flow rate for both the extended
and the original Purdue models are shown in Figure 9. An

30 T v u T \ T Y

0 1 2 4
Time (hr)
Figure 7. Dynamic responses of the blow-line Kappa #:
extended (solid) vs. original Purdue model
(dashed) for a +8% step change in the
white-liquor EA concentration.
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Figure 8. Dynamic responses of the blow-line Kappa #:
extended (solid) vs. original Purdue model
(dashed) for a +2.8 K step change in the lower

heater temperature.

increase in the white-liquor flow rate increases the amount of
reactants entering the digester. This increase helps to main-
tain a larger concentration gradient of the reactants between
the free- and entrapped-liquor phases. Therefore, more reac-
tants diffuse into the entrapped-liquor phase, increasing the
reaction rate, reacting more solids, and decreasing the Kappa
#. The responses of both models are similar. The original
Purdue model shows more sensitivity, an 8% larger gain on
average, to the white-liquor flow rate than the extended Pur-
due model.

Comparison to Weyerhaeuser digester model

The second digester model used to compare with the ex-
tended Purdue model is a “simplified” continuous digester
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Figure 9. Dynamic responses of the blow-line Kappa #:
extended (solid) vs. original Purdue model
(dashed) for a +7% step change in the
white-liquor flow rate.

AIChE Journal

December 1997 Vol. 43, No. 12

model developed by Kayihan et al. (1996) and will be re-
ferred to as the Weyerhaeuser digester model (WBD). The
WBD is modeled as a two-vessel continuous digester. The
first vessel is an impregnation vessel where the wood chips
and the white-liquor flow cocurrently. The WBD uses a mix-
ing section plus time delay to model the impregnation vessel.
The second vessel is a series of three cooking zones: a regu-
lar cocurrent cooking zone; a countercurrent mcc zone; and a
countercurrent emcc zone, which will act as both a cooking
and washing zone. A dual-vessel digester is shown in Figure
10, and the WBD is shown in Figure 11, which gives the spe-
cific physical dimensions and flow structure of the digester.
The operating parameters for the WBD are found in (Kayi-
han et al., 1996). The matching operating parameters for the
extended Purdue model are given in Table 6. The Ax#, or
change in Kappa # from the nominal operating point, are
compared between the extended Purdue model and the WBD
at three different locations. These locations are at the ends
of the cook, mcc, and emcc zones. Step changes in the white-
liquor EA concentration, the cooking temperature, and the
white-liquor flow rate are considered.

The dynamic responses of Ax# to a +5 kg/m” step change
in the white-liquor EA concentration are shown in Figure 12.
For the two-vessel digester structure being considered, the
white liquor enters at three separate locations: the beginning
of the impregnation zone, and the trim liquors at the bottoms
of the mcc and emcc zones. Therefore, step changes in the
white-liquor EA concentration have a delayed effect on the
Kappa # at the end of the cook zonre, but an immediate ef-
fect on the Kappa #s at the ends of the mcc and emcc zones.
As discussed earlier, increases in the white-liquor EA con-
centration increase the reaction between the wood compo-
nents and the white-liquor, and decrease the Kappa #.

N Chips/Liquor
—
&’h lilz)er Cocurrent
q Cook Zone
Extraction
Flow
Counter-Current
MCC Zone
Liquor,
Impregnation
essel Counter-Current
EMCC Zone and
Wash Zone
Liquor
\ J
% Pulp

Figure 10. Dual-vessel continuous digester.

The flow structure is similar to that of the Weyerhaeuser
digester model.
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Figure 11. Weyerhaeuser dual-vessel continuous di-
gester.

The dynamic responses of Ax# to a +3 K step change in
the cooking temperature (7.) are shown in Figure 13. As seen
from the responses, there are significant time delays between
the change in the input and the observed change in the out-
put. The WBD is much more sensitive to changes in 7, than
the extended Purdue model, as seen by the larger steady-state
gains. The responses of both models do exhibit underdamped
higher-order behavior.

The dynamic responses of Ax# to a +5 kg/min step
change in the white-liquor feed flow rate (m, ) are shown in
Figure 14. Since the white liquor is removed at the extraction
point just below the cook zone, the immediate effects in the
Kappa # due to changes in the white-liquor feed flow rate
are seen at the end of the cook zone only. The liquor flow
rates and concentrations entering the mcc and emcc zones
remain constant, and the delayed effects in the Kappa # seen
at the ends of the mcc and emcc zones are the combined
effects of reaction in the cook zone and the reactions that
occur in these zones. The Kappa # in the extended Purdue
model is more sensitive to changes in the white-liquor feed
rate than in the WBD.
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The extended Purdue model was not validated using real
plant data due to the lack of rich, published operational data
for the continuous digester, which could exercise the dynamic
behavior of fundamental digester models, as noted in Agar-
wal and Gustafson (1997), for one. Model validity is estab-
lished through the comparisons with the original Purdue
model and the Weyerhaeuser benchmark model, which are
accepted by industry as being characteristic of digester opera-
tion. The range of behaviors displayed by those models is
captured by the extended Purdue model. The differences that
do arise between the original and the extended Purdue mod-
els are due to the refinements in the fundamental assump-
tions. These differences could be crucial in applications such
as model-based control where the controller is dependent on
accurate inferential estimates of the Kappa # obtained from
the fundamental model and secondary liquor measurements.

Model parameter sensitivity analysis

A parametric sensitivity analysis for the extended Purdue
model is performed using the single-vessel digester configura-
tion. The heat-transfer coefficient, the diffusion coefficients
given by correlation Eq. 10, and the free liquor to CSTR vol-
ume ratio profile () are varied from their base-case values
and the steady-state profiles of the model states and Kappa
# are compared. For the heat-transfer and diffusion coeffi-
cients, the base case is compared to a fivefold increase and a
one-fifth decrease in the base-case values. For the # profile,
the base case is compared to 7 profiles, which are scaled
+10% from the base-case values.

The original Purdue model investigators (Christensen et al.,
1982; Smith and Williams, 1974) developed the digester model
assuming thermal equilibrium between the wood chips and
free liquor. Maras et al. (1986) revised the Purdue model by
replacing the overall energy balance with separate energy
balances for the wood chips and the free liquor. The same
kinetic model coefficients were used in the revised model,
and, by trial and error, the heat-transfer coefficient was ad-
justed until the outputs of the revised model matched those
of the original model. The heat-transfer coefficient was as-
sumed to be constant throughout the digester, which is also
assumed in this work.

The steady-state profiles of the Kappa # and chip temper-
ature for the three different heat-transfer coefficients are
compared in Figures 15 and 16, respectively. For the de-
crease in the heat-transfer coefficient, the resistance to heat
conduction is increased, which results in the lower chip tem-
perature profile (from the base case) through the heater and
cook zones in Figure 16. This lower temperature during the
cooking reduces the amount of reaction, which results in the
overall increase in the Kappa # profile in Figure 15. Increas-
ing the heat-transfer coefficient by fivefold does not greatly
increase the chip temperature profile from the base case, and
has little effect on the Kappa # profile. The value of the
heat-transfer coefficient given by Maras et al. (1986) is very
close to the limiting case, which is the infinite rate of the
heat-conduction case. Therefore, thermal equilibrium be-
tween the wood chips and free liquor is a good assumption
for these operating conditions and the heat-transfer coeffi-
cient value. It is not surprising to find the heat-transfer coef-
ficient to be close to the limiting case, since it was deter-
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Table 6. Operating Parameters of the Digester Model Using the Weyerhaeuser Benchmark Model Flow Structure

Parameter Definition and Value(s)
A Cross-sectional area of digester (CSTR) (m?) [1]
e Reaction rate multiplier [0 0.65 0.65 0.65]
h Heights of the individual zones are given in Figure 11
v Entering wood-chip flow rate (m*/min) [0.0667]
v, Entering white-liquor flow rate (m*/min) [0.0500]
Toook Cook-zone heater temperature (K) [430]
- MCC trim flow rate (m*/min) {0.0100]
e MCC heater temperature (K) [410.75]
Vimee EMCC trim flow rate (m*/min) [0.0100]
e EMCC heater temperature (K) [413.5]
Viiution Dilution flow rate (m*/min) [0.0700]
T4 Temperature of entering wood chips (K) [395]
T Temperature of entering white liquor (K) [395]
P Density of solid material (kg/m>) [1500]
n Ratio of free liquor phase volume to total CSTR volume (V,/V)
7 is a linear relationship from 0.6875 to 0.625 through the IV
7 is a linear relationship from 0.625 to 0.50 through the cook zone
7= 0.525 and 0.55 through the mcc and emcc zones, respectively
P50 High-reactivity lignin concentration of entering wood chip (kg/m?>) [60]
Ps.0 Low-reactivity lignin concentration of entering wood chip (kg/m>) [90]
P Cellulose concentration of entering wood chip (kg/m?>) [270]
P50 Galactoglucomannan concentration of entering wood chip (kg/m?) [30]
Ps.0 Araboxylan concentration of entering wood chip (kg/m>) [150)
Pe. Active effective alkali concentration in entrapped liquor phase of entering wood chip (kg/m*) [0]
Pes0 Passive effective alkali concentration in entrapped liquor phase of entering wood chip (kg/m?) [0]
Peo Active hydrosulfide concentration in entrapped liquor phase of entering wood chip (kg/m?) [0]
Pe,0 Passive hydrosulfide concentration in entrapped liquor phase of entering wood chip (kg/m>) [0]
Peod Dissolved lignin concentration in entrapped liquor phase of entering wood chip (kg/m”) [0}
Pe,0 Dissolved carbohydrates concentration in entrapped liquor phase of entering wood chip (kg/m>) [0]
Pr0 Active effective alkali concentration of white liquor entering the impregnation vessel,
B the mcc and emcc trim liquor (kg/m>) [100]
Pr0 Passive effective alkali concentration of white liquor entering the impregnation vessel,
) the mcc and emec trim liquor (kg/m*) [0]
Pri0 Active hydrosulfide concentration of white liquor entering the impregnation vessel,
' the mee and emcc trim liquor (kg/m>) [30]
Pri0 Passive hydrosulfide concentration of white liquor entering the impregnation vessel,
’ the mcc and emcc trim liquor (kg/m?) [0]
Pr.o Dissolved lignin concentration of white liquor entering the impregnation vessel,
; the mec and emcc trim liquor (kg/m?) [0]
Pr.0 Dissolved carbohydrates concentration of white liquor entering the impregnation vessel,

the mcc and emcc trim liquor (kg/m>) {0]

mined such that the outputs of the model revised by Maras et
al. matched those of a model with the thermal-equilibrium
assumption. Additional experimental data would be neces-
sary to determine the importance of heat conduction as well
as the variation of the heat-transfer coefficient with respect
to the extent of reaction and flow regime. If it were deter-
mined that heat conduction was insignificant between the two
phases compared to other energy-transport mechanisms, the
assumption of thermal equilibrium could be used to reduce
the two energy-balance equations to one overall energy-bal-
ance equation for each CSTR.

The model sensitivity to the rate of mass diffusion between
the entrapped- and free-liquor phases is examined by scaling
the base-case diffusion-rate coefficients, given in Eq. 10, by
five and by one-fifth. Since the digester is approximated with
CSTRs, and the wood chips and free liquor in each CSTR
are approximated with three homogeneous phases, the ef-
fects of wood chip size and geometry on mass diffusion are
not explicitly taken into account in the model. An average
chip size is implicitly assumed and the resistance to diffusion
due to the chip size can be adjusted by scaling the diffusion
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correlation. For small wood chips, the resistance to diffusion
would be small; this effect could be captured with “large”
diffusion-rate coefficients that allow faster mass diffusion. For
large wood chips, the resistance to diffusion would be large;
this effect could be captured with “small” diffusion-rate coef-
ficients that allow slower mass diffusion. To explicitly capture
the effects of chip size on the process behavior, the diffusion
of mass into the wood chips would need to be modeled, such
as the model developed by Gustafson et al. (1983), or through
the development of a population balance model such as those
described by Ramkrishna (1985). A distribution of chip sizes
would be assumed and the effects of this size distribution on
the model behavior could be determined as demonstrated by
Kayihan (1997).

The steady-state profiles of the Kappa # and the liquor
EA concentrations (entrapped and free) for the base case and
the scaled diffusion coefficients are compared in Figures 17
and 18, respectively. For the case where the diffusion coeffi-
cients are scaled by one-fifth, the rate of mass diffusion be-
tween the entrapped- and free-liquor phases is slow, result-
ing in the large EA concentration gradient shown in Figure
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Figure 12. Dynamic responses of A « # located after the
cook, mcc, and emcc zones: extended
(dashed) vs. Weyerhaeuser digester model
(solid) for a +5 kg/m® step change in the
white-liquor EA concentration.

18. The overall Kappa # profile, shown in Figure 17, is larger
for this case, since there is lower reactant concentrations in
the entrapped-liquor phase, which results in less reaction. As
the diffusion coefficient is increased, the rate of diffusion is
increased, which reduces the concentration gradients be-
tween the two phases, and the Kappa # profile is lower due
to the higher reactant concentrations in the entrapped liquor.
The Kappa # profiles for the base case and the increased
diffusion coefficients are nearly identical, suggesting that the
base case is near a limiting case, which is infinite mass-diffu-
sion rate. The implicit assumption would be that the average
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Figure 13. Dynamic responses of A « # located after the
cook, mcc, and emcc zones: extended
(dashed) vs. Weyerhaeuser digester model
(solid) for a +3 K step change in the cook-
ing temperature (7).
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Figure 14. Dynamic responses of A k # located after the
cook, mcc, and emcc zones: extended
(dashed) vs. Weyerhaeuser digester model
(solid) for a +5 kg/min step change in the

white-liquor flow rate (m, ).

wood-chip size is very small, giving little resistance to mass
diffusion. The diffusion coefficients could be reduced to sim-
ulate a larger average chip size.

As wood chips flow down the digester, the weight of the
column causes the individual wood chips to pack closer to-
gether, which is referred to as compaction. The compaction
profile is modeled as the ratio of the wood chip to CSTR
volume. Model sensitivity to the compaction profile is exam-
ined by scaling the free liquor to CSTR volume ratio, 0, which
is the complement of the compaction profile, (1— 7). The
compaction profile is increased along the digester by decreas-
ing the 7 profile. In this work, the n profile is assumed to be

160,

140 >, 4

120 p3 .
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0 ©01 02 03 04 05 06
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Figure 15. Steady-state Kappa # profiles for varying
heat-transfer coefficients.

Base-case heat-transfer coefficient U (solid), 5 times the
base case U (dashed), and 1/5 the base case U (dash-dot).
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Figure 16. Steady-state chip temperature profiles for
varying heat-transtfer coefficients.

Base-case heat-transfer coefficient U (solid), 5 times the
base case U (dashed), and 1/5 the base case U (dash-dot).
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known. Reasonable values can be assumed and the profile
can be adjusted to “tune” the model behavior to match the
observed behavior of an actual digester. However, it is physi-
cally impossible to know the exact (possibly time varying) 7
profile in an actual digester.

The base-case n profile, given in Table 5, is scaled by
+10% and the steady-state profiles of Kappa # for the dif-
ferent m profiles are compared in Figure 19. The Kappa #
profile is decreased for the 10% decrease in 7 and is in-
creased for the 10% increase in 1. The 10% decrease in the
7 profile is a 10% increase in the compaction profile which,
in turn, is a 10% increase in the wood-chip volume in the
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Figure 17. Steady-state Kappa # profiles for varying
diffusion coefficients.

Base-case diffusions coefficient D, given by Eq. 10 (solid),
5D; (dashed), and D; /5 (dash-dot).
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Figure 18. Steady-state free- and entrapped-liquor EA
profiles for varying diffusion coefficients.

Base-case diffusions coefficient D; given by Eq. 10 (solid),
5D; (dashed), and D;/5 (dash-dot).

digester. Since the volumetric flow rate of wood chips is con-
stant in this study, the increase in the volume occupied by the
wood chips translates to an increased residence time, thus
allowing the wood chips to “cook” for a longer time. There-
fore, the Kappa # profile is lower for the 10% decrease in 7.
As the 7 profile is increased, the residence time for the wood
chips is decreased and the Kappa # profile increases. The
positive and negative scaling of n give similar bilateral varia-
tions in the Kappa # profiles, thus making the n a versatile
tuning parameter to adjust the Kappa # profile to match ob-
served digester behavior.
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Figure 19. Steady-state Kappa # profiles for varying the

ratio of free-liquor volume to total CSTR vol-

ume (7).

Base-case 1 given in the Appendix (solid), 10% increase in
7 (dashed), and a 10% decrease in 7 (dash-dot).
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Conclusions

The digester model presented in this work is an extension
of the well-known Purdue digester model. This model can be
used for simulation and control studies, optimization of oper-
ating parameters, and design analysis. It captures the impor-
tant physical behavior of the digester in a direct implementa-
tion form.

The extensions proposed in this work allow a relaxation of
the assumptions of an already proven, industrially accepted,
digester model. The approach to modeling is similar to the
original Purdue model, the digester is approximated with a
series of CSTRs, each CSTR consisting of three phases. By
defining the solids concentrations on a mass per chip volume
basis and defining the compaction and porosity as volume
fractions of the CSTR and wood chip, respectively, several
assumptions used in the original model were removed. In
particular, the extended mode! calculates chip porosity and
liquor densities as functions of the wood reaction. These types
of improvements in the model foundation will be necessary
for the next generation of interesting digester control studies,
such as optimal transition control (which include feedstock
swings), in addition to unmeasured disturbance rejection.

The steady-state profiles and dynamic responses of the
extended Purdue model closely match those of the original
Purdue model. The differences can be attributed to the ac-
counting of reacted material in the extended version. This
increases the capacity to hold heat (more than the original
Purdue model), which lowers the temperature profiles of the
wood chips and liquor in the extended version. The lower
temperatures reduce the amount of reaction and use fewer
reactants than predicted by the original Purdue model. These
differences could be crucial in applications such as optimiza-
tion and control. True mode! validation will only be realized
by the availability of rich dynamic data for the continuous
digester. The extended model’s ability to extrapolate over a
wider range of operating conditions would be expected due
to the refinements in the model.

The extended model is “tuned” such that its dynamic be-
haviors compare favorably to those of the Weyerhaeuser
benchmark digester model. The model is versatile in that it
can be easily configured for different digester flow structures
and capture the essential characteristics of the pulping
process.

The parametric sensitivity of the extended Purdue model
to the heat-transfer coefficient, the diffusion coefficients, and
the free liquor to CSTR volume ratio (7) profile is also exam-
ined. It is shown that the base-case heat-transfer coefficient
and the diffusion coefficients values are very near the limit-
ing cases, which is infinite rate heat transfer and mass diffu-
sion, respectively. The 5 profile could be varied along the
length of the digester to adjust the Kappa # profile, making
it an effective model “tuning” parameter.

Due to the expensive nature of conducting experiments on
actual plant units, it is often advantageous to first conduct
virtual experiments on a simulation model. Using this contin-
uous digester model, engineers and researchers can perform
identification and control structure selection experiments as
well as analyze various types of controliers. The model itself
could be incorporated into a model-based controller such as
model-predictive control (MPC). The model can also be used
in conjunction with optimization packages to determine opti-

3190

December 1997

mal operating parameters (Sidrak, 1995). An objective would
be to determine the operating conditions that minimize waste
and energy while maximizing yield for various target Kappa
#s. Another advantage of the easy implementation is the
ability to reconfigure the digester quickly for different flow
structures. This allows for the analysis of different digester
designs to determine if better pulp quality could be achieved
with more control-relevant digester designs.
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Notation

Dy = energy transported with diffusion into free liquor, kJ/m?
k- A= diffusion coefficient, m%/min
k(;.2;,; = Teaction-rate constant, m%/min- kg
R, = reaction rate of solid component i, kg/min- m*
T, = temperature of external stream, K
T;= temperature of free liquor, K
y=Kappa #
a, = mass fraction of entrapped-liquor component i, kg/kg
af =mass fraction of free-liquor component i, kg/kg
p., = active effective alkali concentration in entrapped-liquor
phase kg/m®
= passive effectlve alkali concentration in entrapped-liquor
phase, kg/m?
p.,= active hydrosulfide concentration in entrapped-liquor
’ phase, kg/m?
= passive hydrosulflde concentration in entrapped-liquor
phase, kg/m>
p.,= Water concentration in entrapped-liquor phase, kg/m’
p., = dissolved lignin concentration in entrapped-liquor phase,

kg/m?
p.,= dissolved carbohydrates concentration in entrapped-liquor
phase, kg/m
py, = active effective alkali concentration in free-liquor phase,
kg/m
pr,= passwe effective alkali concentration in free-liquor phase,
kg/m>
pys,= active hydrosulfide concentration in free-liquor phase,
! kg/m’
passwe hydrosulfide concentration in free-liquor phase,
kg/m?

py, = water concentration in free-liquor phase, kg/m>
f;— dissolved lignin concentration in free- liquor phase, kg/m?
pr,= dlSSOlVCd carbohydrates concentration in free-liquor phase,

kg/m’
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Appendix
State equations for the solid-phase components

ps,,j = V_( psl,j—] - ps,,j)+ Rs,v,j
o

i=1,...,5 (Al

BouL — 3 BusL

1
- ( BonL — EBHSL)
1
EBHSL

1
- EBHSL
—1
0
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Ry ;== e (ki ey + Ko 07 022 ) psyj = 07D (A2)

_El,i

ki, =A, exp T (A3)
cY}
—E;;

ka,i,j= Az €xp RT,- (A4)
e

Ve, =(=m)Ah;. (AS5)

The subscript j denotes the CSTR in the series of CSTRs.
The universal gas constant is R = 0.0083144 kJ/mol-K.

Calculating porosity and change in porosity

5
)y Ps;,i

i=1

= (A6)
Ps

g=1-

(A7)

State Equations for the Entrapped-Liquor-Phase Components

. pe,,/' . Vc
Pe,,‘=——€'+_(P,-,'-1€'—1'Pe,,f‘)
j € J Ve,]_ e, j—1%j i
i Vb,fl’fi,j
+ D,(py, ;= po, )+ — i=16
il e,j
(A8)
5
R, ;= L b ,R,; i=1..6 (A9)
=1
V, =e(1—m)Ah; (A10)
BOHL - EBHSL BOHC BOHC BOHC
1
- BOHL_EBHSL “BOHC - BOHC - BOHC
1
> Bust 0 0 0 (Al1)
1
—‘z‘ﬁHSL 0 0 0
-1 0 0 0
0 -1 -1 -1 ]
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3 mass of OH consumed m,,
OHL " mass of lignin reacted my +mg,
8 mass of HS consumed m,,
H5L ™ mass of lignin reacted mg+mg
8 mass of OH consumed m,,
©OHC ™ mass of carbohydrate reacted mg+m +mg

The temperature-dependent diffusion correlation:

D, =6.1321,/T, ;e *5701 98T, (A12)

The bulk flow of free liquor into the entrapped liquor phase
to fill the void created by the reaction of the solid-phase ma-
terial:

Vy;=—— (A13)
Ps
State equations for the free-liquor-phase components
;.) _ Vf,in,jp I/"f,out,jp
fid —Prix1 T T 1 Prig
LoV Vig
g(1-mn) V, |2
+D L (p —p V+Lp .i_f_"lp
j n €ivJ fisi Vi, fird Vf,j firext
i=1,...,6 (Ald)
Vii= Ak (A15)
V':f.in,sz.vf,oul,jil (A16)
Vf,out.j=Vf.in,j_Vb.jiV.'exx- (A17)

State equation for the wood-chip temperature

T (CpSMS’}-‘FCch!-Me,jé,‘+Cpe,jMe,j€j)TC~j
e CpsMs‘j+Cpe,jMe,,-Ej

+E CpsM; j 1+ CPej- 1M, 1€, ~T. .
Ve Cp. M, ;+Cp, ;M, € =1t

5
AHR 2R, ;
+ i=1
CpsMw- + Cpe’jMe‘jel-
v (T, . —T. )+ Vo,
+ L — . —
CpsMx‘j+Cpe,jMe,j€j F ! Vc
o Cpr i M;,i1;, D;Dg
Cp M, ;+Cp, M, & CpM,;+Cp, M, €

(A18)
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i o= MiiTry | Veier PrieiMpje, Vi
¥ fixl T 1 L
! My Vi Cpp M Ty
U Q-m) v,
(T, ~ T, )~ 2T, .
Cps My ;7 A A
DiDp; (1=m)  Cpfex My e Vi A19)
CpriMp; m Cpy My Vi
5
M ;=2 p, (A20)
=1
Me.j=Mel,j+Mes,j (A21)
M =M+ My (A22)
4
MEl,j = Z Pe,.j + Pwater (A23)
i=1
[
Mes,/' = Z pe,,j (A24)
i=35
4
Mfl-f = Z pf,.j + Pwater (A25)
i=1
6
My = 2 pr, (A26)
i=5
C —C Me/,j +C Mes,j (A27)
Pes =gy + Py ™
M. . M. .
fl.J f5.
Cps;=Cp——+Cpy—— (A28)
! va/' ’ Mf,f

The heat capacities of the wood substance and the liquor are
Cp, =1.47 kI/kg-K and Cp, = 4.19 kl/kg-K. The heat of re-
action is AHg = —581 kJ/kg, and the heat-transfer coeffi-
cient is U =827 kl/min-K-m?®. The energy transported with
mass diffusing from the free to the entrapped liquor phases:

4 6
Dg ;= Z ( P i~ Pe,.,j)CPlTi,j + Z ( Ps.i— Pe,,j)CPsTi,j»
i=1 i=5
(A29)
where
T, . if ps ;>p,
T o= foi fini i (A30)

" Tm’ if P < Pe,,j

The energy transported with mass diffusing from the en-
trapped to the free-liquor phases:

Dy, =—Dg,. (A31)
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